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Abstract
We construct a new family of N -fold supersymmetric systems which is referred to as “type
B”. A higher derivative representation of the N -fold supercharge for this new family is given by
a deformation of the type A N -fold supercharge. By utilizing the same method as in the sl(2)
construction of type A N -fold supersymmetry, we show that this family includes two of the quasi-
solvable models of Post–Turbiner type.
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I. INTRODUCTION
Progress in the field of quasi-solvability in quantum systems (see [1, 2, 3, 4] and references
therein) has recently reached a new stage due to the discovery of the intimate relation
between quasi-solvability and N -fold supersymmetry. An idea essentially equivalent to N -
fold supersymmetry was introduced for the first time in Ref. [5] as an extension of ordinary
supersymmetric quantum mechanics [6, 7], and investigated in various related contexts [8, 9,
10, 11, 12, 13, 14, 15, 16, 17, 18, 19, 20, 21]. The connection of N -fold supersymmetry with
quasi-solvability was first uncovered in Ref. [22] in an unexpected way, through the analysis
of the large order behavior of the perturbation series. After similar relations were found in
several different contexts [23, 24, 25, 26, 27], the equivalence between quasi-solvability and
N -fold supersymmetry was finally proved in Ref. [28].
Up to now, virtually all the N -fold supersymmetric models explicitly constructed for
arbitrary N belonged to the so called type A class, introduced in Ref. [29]. From the
viewpoint of the connection with quasi-solvability, it was shown in Refs. [30, 31] that type A
N -fold supersymmetric systems are essentially equivalent to the well-known quasi-solvable
models constructed from the sl(2) generators [4, 32, 33]. Other recent developments in this
respect can be found in Refs. [34, 35, 36, 37]. In this Letter we construct a new type of
N -fold supersymmetric models which is a deformation of (and hence different from) the
type A class. We also show that the new N -fold supersymmetric models are related to some
of the quasi-solvable models associated to the spaces of monomials classified by Post and
Turbiner [38].
The article is organized as follows. In the next section we briefly summarize N -fold super-
symmetry and quasi-solvability. In Section III we introduce the type B N -fold supercharge
and construct an N -fold supersymmetric system with respect to it by the same method used
in the sl(2) construction of type A N -fold supersymmetry [30, 31]. In Section IV several
examples of the type B N -fold supersymmetric models constructed in Section III are pre-
sented. The results obtained in this Letter and some open problems they give rise to are
discussed in the last section.
II. N -FOLD SUPERSYMMETRY
First of all, we briefly review N -fold supersymmetry in one-dimensional quantum me-
chanics. To this end, we introduce a bosonic coordinate q and fermionic coordinates ψ and
ψ† satisfying
{ψ, ψ} = {ψ†, ψ†} = 0, {ψ, ψ†} = 1. (2.1)
The Hamiltonian HN is given by
HN = H
−
Nψψ
† +H+Nψ
†ψ, (2.2)
where the components H±N are ordinary scalar Hamiltonians,
H±N =
1
2
p2 + V ±N (q), (2.3)
with p = −i d/dq. N -fold supercharges Q±N are introduced by
Q−N = P
−
Nψ
†, Q+N = P
+
Nψ, (2.4)
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where the components P±N are defined by
P−N = PN , P
+
N = (−1)NP tN (2.5)
in terms of an N th-order linear differential operator PN of the form
PN = p
N − iwN−1(q) pN−1 + · · ·+ (−i)N−1w1(q) p+ (−i)Nw0(q)
= (−i)N
(
dN
dqN
+ wN−1(q)
dN−1
dqN−1
+ · · ·+ w1(q) d
dq
+ w0(q)
)
. (2.6)
In Eq. (2.5), the superscript t denotes the transposition of operators defined through a real
inner product by (Atφ, ψ) = (φ,Aψ). For example, pt = −p on a suitable space. Note that
when all the functions wk appearing in Eq. (2.6) are real-valued, the operator P
+
N defined
by Eq. (2.5) is identical with the adjoint of PN : P
+
N = P
†
N . Hence the above definition is
essentially equivalent to the ones in previous articles [28, 29, 30, 31, 35]. The system (2.2)
is said to be N -fold supersymmetric if the following algebra holds:
{Q−N , Q−N} = {Q+N , Q+N} = 0, (2.7)
[Q−N ,HN ] = [Q
+
N ,HN ] = 0. (2.8)
The former relation holds automatically due to the nilpotency of ψ and ψ†, while the latter
is equivalent to the following intertwining relations:
P−NH
−
N −H+NP−N = 0, P+NH+N −H−NP+N = 0. (2.9)
Therefore, the relations (2.9) give the condition for the system HN to be N -fold super-
symmetric. Note that the Hamiltonians (2.3) are always symmetric under the transposition
(on suitable spaces) even when they are not hermitian, and thus each of the relations in
Eq. (2.9) actually implies the other. Note also that, due to the transposition symmetry of
the Hamiltonian, it was proved in Ref. [37] that the anti-commutator of Q−N and Q
+
N defined
by Eqs. (2.4) and (2.5) can be always expressed as a polynomial of N th degree in HN .
The N -fold supersymmetric models defined above have several significant properties sim-
ilar to those of the ordinary supersymmetric models. One of the most notable ones is
quasi-solvability [28, 30, 31]. A differential operator H of a single variable q is said to be
quasi-solvable with respect to a given N th-order linear differential operator PN of the form
(2.6) if it leaves invariant kerPN , namely,
PNHVN = 0, VN = kerPN . (2.10)
Then it can be easily shown [28] that an N -fold supersymmetric system satisfying Eq. (2.9)
can always be constructed from a quasi-solvable Hamiltonian H by setting H−N = H , H
+
N =
H+w′N−1(q) and P
±
N as in Eq. (2.5). The converse is also true. Indeed, from the intertwining
relation (2.9) we find that all the N -fold supersymmetric systems are quasi-solvable, the
quasi-solvability condition (2.10) holding respectively for H = H±N and PN = P
±
N . When a
system is quasi-solvable but the elements of VN are not known explicitly, the system is said to
be weakly quasi-solvable [31]. More rigorous and sophisticated definitions of quasi-solvability
and related concepts can be found in Ref. [39].
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III. TYPE B N -FOLD SUPERSYMMETRY
Recall [29] that the type A N -fold supercharge is defined by an N th-order linear differ-
ential operator PN of the form
PN =
(N−1)/2∏
k=−(N−1)/2
(
p− iW + i k E)
≡ (−i)N
(
d
dq
+W − N − 1
2
E
)(
d
dq
+W − N − 3
2
E
)
× · · ·
· · · ×
(
d
dq
+W +
N − 3
2
E
)(
d
dq
+W +
N − 1
2
E
)
, (3.1)
where W (q) and E(q) are arbitrary (smooth) functions. Consider next what is perhaps the
simplest deformation of the operator (3.1), namely
PN =
(
p− iW + iF + i N − 1
2
E
) (N−3)/2∏
k=−(N−1)/2
(
p− iW + i k E)
= (−i)N
(
d
dq
+W − F − N − 1
2
E
)(
d
dq
+W − N − 3
2
E
)
× · · ·
· · · ×
(
d
dq
+W +
N − 3
2
E
)(
d
dq
+W +
N − 1
2
E
)
. (3.2)
The N th-order differential operator (3.2), which depends on an additional function F (q),
clearly reduces to the type A supercharge (3.1) when F vanishes identically. In this Letter
we shall show that if the functions E and F are related by the equation
F ′(q)−E(q)F (q) + F (q)2 = 0 (3.3)
the operator (3.2) defines a new type of N -fold supersymmetry. Indeed, in this section we
shall construct two Hamiltonians H±N that are quasi-solvable with respect to the N -fold
supercharges P±N defined by Eq. (2.5) in terms of the “type B” operator (3.2).
To construct an N -fold supersymmetric model two different approaches can be followed,
namely the so called analytic and algebraic methods [31]. We shall restrict ourselves in what
follows to the latter approach. As in the case of type A N -fold supersymmetry [30, 31], to
achieve our aim it is convenient to make a suitable gauge transformation and change of
variable. Indeed, using the following gauge potentials
W±N (q) =
N − 1
2
∫
dq E(q)∓
∫
dq W (q), (3.4)
the type B N -fold supercharges P±N are transformed into
P˜−N = i
N eW
−
N P−N e
−W−
N = (h′)
N
(
d
dh
− 1
h
)
dN−1
dhN−1
, (3.5a)
P¯+N = i
N eW
+
N P+N e
−W+
N = (h′)
N d
N−1
dhN−1
(
d
dh
+
1
h
)
, (3.5b)
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where h(q) is a solution of the following differential equation:
h′(q)− F (q)h(q) = 0. (3.6)
As in Eqs. (3.5), we shall hereafter attach tildes (bars) to operators, vectors and vector
spaces to indicate that they are quantities gauge-transformed with the gauge potential W−N
(W+N ), respectively. From Eqs. (3.3) and (3.6), the relation between h(q) and E(q) reads
h′′(q)−E(q)h′(q) = 0, (3.7)
which in turn is the same relation as the one for the type A case employed in Refs. [29, 30, 31].
From Eqs. (3.5), we obtain gauge-transformed solvable subspaces as
V˜−N = ker P˜−N = span
{
1, h, . . . , hN−2, hN
}
, (3.8)
V¯+N = ker P¯+N = span
{
h−1, h, h2, . . . , hN−1
}
. (3.9)
Let us begin with the construction of H˜−N . The operator H˜
−
N should be constructed so that it
is quasi-solvable with respect to P˜−N . This is achieved by finding a second-order differential
operator H˜−N satisfying(
d
dh
− 1
h
)
dN−1
dhN−1
H˜−N h
k = 0 , ∀k = 0, 1, . . . ,N − 2,N . (3.10)
For N ≥ 3, there are six linearly independent differential operators of order not greater than
two solving Eqs. (3.10), namely:
J−− =
d2
dh2
, (3.11a)
J0− = h
d2
dh2
− (N − 1) d
dh
, (3.11b)
J0 = h
d
dh
, (3.11c)
J00 = h
2 d
2
dh2
, (3.11d)
J+0 = h
3 d
2
dh2
− (2N − 3)h2 d
dh
+N (N − 2)h, (3.11e)
J++ = h
4 d
2
dh2
− 2(N − 2)h3 d
dh
+N (N − 3)h2. (3.11f)
Therefore, the general solution of (3.10) for N ≥ 3 can be expressed as
H˜−N = −
∑
i,j=+,0,−
i≥j
a
(−)
ij Jij + b
(−)
0 J0 − C(−), (3.12)
where a
(−)
ij , b
(−)
0 and C
(−) are constants. Substituting Eqs. (3.11) into Eq. (3.12) we obtain
H˜−N = −A−4 (h)
d2
dh2
+ A−3 (h)
d
dh
− A−2 (h), (3.13)
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with
A−4 (h) = a
(−)
++h
4 + a
(−)
+0 h
3 + a
(−)
00 h
2 + a
(−)
0− h+ a
(−)
−−, (3.14a)
A−3 (h) = 2(N − 2)a(−)++h3 + (2N − 3)a(−)+0 h2 + b(−)0 h+ (N − 1)a(−)0− , (3.14b)
A−2 (h) = N (N − 3)a(−)++h2 +N (N − 2)a(−)+0 h + C(−). (3.14c)
On the other hand, the partner operator H¯+N should be constructed so that it is quasi-
solvable with respect to P¯+N . This is achieved by finding a second-order differential operator
H¯+N such that
dN−1
dhN−1
(
d
dh
+
1
h
)
H¯+N h
k = 0 , ∀k = −1, 1, 2, . . . ,N − 1. (3.15)
For N ≥ 3, Eqs. (3.15) are solved by the following six linearly independent differential
operators of order less than or equal to two:
K−− =
d2
dh2
− 2
h2
, (3.16a)
K0− = h
d2
dh2
+
d
dh
− 1
h
, (3.16b)
K0 = h
d
dh
, (3.16c)
K00 = h
2 d
2
dh2
, (3.16d)
K+0 = h
3 d
2
dh2
− (N − 3)h2 d
dh
− (N − 1)h, (3.16e)
K++ = h
4 d
2
dh2
− 2(N − 2)h3 d
dh
+ (N − 1)(N − 2)h2. (3.16f)
Therefore, the general solution of (3.15) for N ≥ 3 can be expressed as
H¯+N = −
∑
i,j=+,0,−
i≥j
a
(+)
ij Kij + b
(+)
0 K0 − C(+), (3.17)
where a
(+)
ij , b
(+)
0 and C
(+) are constants. Substituting Eqs. (3.16) into Eq. (3.17) we have
H¯+N = −A+4 (h)
d2
dh2
+ A+3 (h)
d
dh
− A+2 (h), (3.18)
with
A+4 (h) = a
(+)
++h
4 + a
(+)
+0 h
3 + a
(+)
00 h
2 + a
(+)
0− h + a
(+)
−−, (3.19a)
A+3 (h) = 2(N − 2)a(+)++h3 + (N − 3)a(+)+0 h2 + b(+)0 h− a(+)0− , (3.19b)
A+2 (h) = (N − 1)(N − 2)a(+)++h2 − (N − 1)a(+)+0 h+ C(+) −
a
(+)
0−
h
− 2a
(+)
−−
h2
. (3.19c)
If the operators (3.13) and (3.18) are gauge-transformed back with the gauge potentialsW−N
and W+N , respectively, they are not in general Schro¨dinger operators of the form Eq. (2.3).
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The operators H±N assume the canonical form (2.3) if and only if the following conditions
are fulfilled:
1
2
(h′)
2
= A±4 (h) ≡ P (h) = a4h4 + a3h3 + a2h2 + a1h+ a0, (3.20)
A±3 (h) =
N − 2
2
P ′(h)∓Wh′. (3.21)
If the above conditions are satisfied, we have
H±N = e
−W±
N
¯˜H±N e
W±
N = −1
2
d2
dq2
+ V ±N (q), (3.22)
where the potentials V ±N (q) are given by
V ±N (q) =
1
2
[(
dW±N (q)
dq
)2
− d
2W±N (q)
dq2
]
− A±2
(
h(q)
)
. (3.23)
From the second condition (3.21) we obtain
−Wh′ = −N
2
a3h
2 + b1h− N
2
a1 ≡ Q(h), (3.24)
where the constant b1 is given by
b
(±)
0 = (N − 2)a2 ± b1. (3.25)
The constants a
(−)
ij and b
(−)
0 in H˜
−
N are related with the corresponding constants a
(+)
ij and
b
(+)
0 in H¯
+
N by Eqs. (3.20) and (3.25). To establish the relation between C
(−) and C(+), we
will invoke the identity
H+N −H−N = w′N−1(q),
where wN−1(q) is defined in Eq. (2.6). For the N -fold supercharge of type B (3.2) we have
wN−1(q) = NW (q)− F (q).
Thus the condition for H−N and H
+
N to form an N -fold supersymmetric pair reads
H+N −H−N = V +N (q)− V −N (q) = NW ′(q)− F ′(q). (3.26)
On the other hand, from Eqs. (3.4) and (3.23) we have
V +N − V −N =W ′ − (N − 1)EW −A+2 (h) + A−2 (h). (3.27)
In order to rearrange the r.h.s. of Eq. (3.27), the following relations derived from Eqs. (3.6),
(3.7), (3.20) and (3.24) are useful:
Q′(h) = −W ′ − EW, P ′(h) = EFh. (3.28)
With the aid of the above relations, we finally obtain
V +N − V −N = NW ′ − F ′ + (N − 1)b1 − C(+) + C(−). (3.29)
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Therefore, the condition for N -fold supersymmetry (3.26) holds when
C(+) − C(−) = (N − 1)b1. (3.30)
In order to fix C(±), we write A±2 (h) as follows:
A±2 (h) = A21(h)± A22(h). (3.31)
From Eqs. (3.14c), (3.19c) and (3.30) we have
A22(h) =
P ′(h)
2h
− P (h)
h2
+
N − 1
2
Q′(h), (3.32a)
A21(h) =
(N − 1)(N − 2)
12
P ′′(h)− P (h)
h2
− Q(h)Nh +R, (3.32b)
where the constant R is given by
R = −(N + 1)(N − 4)
6
a2 +
b1
N +
1
2
(
C(+) + C(−)
)
. (3.33)
In this case, C(±) are determined from Eqs. (3.30) and (3.33) as
C(±) =
(N + 1)(N − 4)
6
a2 ± N
2 −N ∓ 2
2N b1 +R. (3.34)
Summarizing the results obtained so far, the gauge-transformed operators of the type B
N -fold supersymmetric Hamiltonians are given by
¯˜H±N = −P (h)
d2
dh2
+
[N − 2
2
P ′(h)±Q(h)
]
d
dh
−
{
(N − 1)(N − 2)
12
P ′′(h)
− P (h)
h2
− Q(h)Nh ±
[
P ′(h)
2h
− P (h)
h2
+
N − 1
2
Q′(h)
]
+R
}
. (3.35)
The type B potentials V ±N are calculated by substituting Eqs. (3.4) and (3.32) into Eq. (3.23).
In terms of h we have
V ±N (h) =−
1
12P (h)
{
(N 2 − 1)
[
P (h)P ′′(h)− 3
4
(
P ′(h)
)2]− 3Q(h)2}+ P (h)
h2
+
Q(h)
Nh
±
[
N P
′(h)Q(h)− 2P (h)Q′(h)
4P (h)
− P
′(h)
2h
+
P (h)
h2
]
−R, (3.36)
while in terms of q
V ±N (q) =
1
2
W (q)2 − 1N F (q)W (q) +
1
2
F (q)2 − N
2 − 1
24
[
2E ′(q)− E(q)2]
± 1
2
[NW ′(q)− F ′(q)]−R. (3.37)
We note again that the potential (3.37) reduces to the type A form [31, 35] if we set F (q) = 0.
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IV. EXAMPLES
In this section we shall exhibit some examples of the N -fold supersymmetric models of
type B constructed in the previous section. As the first example, we choose P (h) = 2(h−h0).
In this case Q(h) = b1h−N from Eq. (3.24). Using Eqs. (3.6), (3.7), (3.20) and (3.24) we
obtain
h(q) = q2 + h0, E(q) =
1
q
, F (q) =
2q
q2 + h0
, (4.1a)
W (q) = −b1
2
q +
N − b1h0
2q
. (4.1b)
The pair of potentials (3.37) reads
V ±N (q) =
b21
8
q2 +
(N ∓N − b1h0 − 1)(N ∓N − b1h0 + 1)
8q2
+ (1± 1) q
2 − h0
(q2 + h0)2
− b1
4
(N ±N − b1h0) + b1N − R. (4.2)
In the next example, we choose P (h) = ν2(h−h0)2/2. In this case, Q(h) = b1h+N ν2h0/2
from Eq. (3.24). Employing again Eqs. (3.6), (3.7), (3.20) and (3.24) we obtain
h(q) = eνq + h0, E(q) = ν, F (q) =
ν
1 + h0e−νq
, (4.3a)
W (q) = −(2b1 +N ν
2)h0
2ν
e−νq − b1
ν
. (4.3b)
The pair of potentials (3.37) now reads
V ±N (q) =
(2b1 +N ν2)2h20
8ν2
e−2νq +
(2b1 +N ν2)(2b1 ±N ν2)h0
4ν2
e−νq
− (1± 1) ν
2h0e
−νq
2 (1 + h0e−νq)
2 +
b21
2ν2
+
b1
N +
N 2 + 11
24
ν2 − R. (4.4)
In our final example we take
P (h) =
ν2
2
(1− h2)(1− k2 h2) ,
so that Q(h) = b1h and
h(q) = sn(νq) , E(q) = −ν sn(νq)
(
k′2 + 2k2 cn2(νq)
)
cn(νq) dn(νq)
, (4.5a)
F (q) =
ν cn(νq) dn(νq)
sn(νq)
, W (q) = −b1
ν
sn(νq)
cn(νq) dn(νq)
. (4.5b)
In the latter formulas sn, cn, and dn denote the Jacobi elliptic functions of modulus k (with
0 ≤ k ≤ 1), k′ = √1− k2 is the complementary modulus, and ν is a positive constant. The
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pair of N -fold supersymmetric potentials (3.37) constructed from this choice of P (h) is
V ±N (q) =
1
2
(1∓ 1) ν2k2 sn2(νq) + 1
2
(1± 1) ν
2
sn2(νq)
+
(
2b1 − k′2ν2(±N − 1)
)(
2b1 − k′2ν2(±N + 1)
)
8 ν2k′2 cn2(νq)
−
(
2b1 + k
′2ν2(±N − 1))(2b1 + k′2ν2(±N + 1))
8 ν2k′2 dn2(νq)
+
ν2
12
(1 + k2)(N 2 − 7) + b1N
(
1± N
2
2
)
− R . (4.6)
V. DISCUSSION
In this article, we have constructed a new family of N -fold supersymmetry in which a
higher-derivative representation of the N -fold supercharge is given by Eq. (3.2) with the
constraint (3.3). In view of quasi-solvability, it turns out that the gauged Hamiltonians
obtained here correspond to quasi-solvable operators of the type investigated by Post and
Turbiner [38]. More precisely, H˜−N in Eq. (3.12) is identical with the case C operator in
[38], while H¯+N in Eq. (3.17) without K−− is equivalent to the case D operator in [38]. The
reason why the operator K−− does not appear in Ref. [38] is that the authors considered
only differential operators with polynomial coefficients. From our point of view, however, it
is evident that the operator K−− is indispensable for H¯
+
N to be the N -fold supersymmetric
partner of H˜−N . Indeed, without K−− the number of independent parameters in H¯
+
N differs
from the one in H˜−N . This is clearly impossible, since any differential operator H¯(h) leaving
the space (3.9) invariant is equivalent to an operator H˜(h) preserving the space (3.8) under
the transformation H¯(h) = hN−1H˜(h−1)h−N+1. An interesting fact is that the N -fold
supersymmetric systems of type B characterized by the N -fold supercharge (3.2) and by the
potentials (3.37) connect, by the formal limit F (q)→ 0, the quasi-solvable models of Post–
Turbiner type [38] with the sl(2) quasi-solvable models [32], which are essentially equivalent
to the type A N -fold supersymmetric systems.
The algebraic construction with the constraint (3.3) presented in this article turns out
to be especially useful when the solvable subspace can be gauge-transformed into a space of
monomial type. With the use of this method it is possible to construct, as an application,
the most general N -fold supersymmetry whose solvable sector is spanned by monomials [40].
On the other hand, a direct calculation of the intertwining relation (2.9) with the type
B N -fold supercharge indicates that the condition (3.3) imposed in this article may be
only sufficient but not necessary for the existence of type B N -fold supersymmetry. This
suggests that the class of type B potentials may be wider than the quasi-solvable models
of Post–Turbiner type obtained here. One of the reasons for this is that the framework of
N -fold supersymmetry makes sense even when the solvable subspace has no known analytic
expression, that is, when the Hamiltonian is weakly quasi-solvable. Therefore, it may also
be possible that, once we have a system of N -fold supersymmetry constructed from an N -
dimensional vector space V˜N with the above procedure, it turns out that this system can
be extended in such a way that the solvable sector is no longer given by the starting vector
space V˜N . Work on these and related issues is in progress and will be reported elsewhere.
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